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QUOTIENT POLYTOPES OF CYCLIC POLYTOPES
PARTI:
STRUCTURE AND CHARACTERIZATION'

BY
A. ALTSHULER AND M. A. PERLES

ABSTRACT

We investigate the quotient polytopes C/F, where C is a cyclic polytope and F
is a face of C. We describe the combinatorial structure of such quotients, and
show that under suitable restrictions the pair (C, F) is determined by the
combinatorial type of C/F. We describe alternative constructions of these
quotients by *“splitting vertices” of lower-dimensional cyclic polytopes. Using
Gale diagrams, we show that every simplicial d-polytope with d + 3 vertices is
isomorphic to a quotient of a cyclic polytope.

Introduction

The cyclic polytopes, which were discovered early this century by Carathedory
[3, 4] and more recently rediscovered by Gale [5] and Motzkin [12], play an
important role in the combinatorial theory of convex polytopes. The main
reason for this is the fact that they form the simplest case of simplicial neighborly
polytopes, which, as proved by McMullen [10], have the largest number of faces
of each dimension, among all the polytopes of the same dimension and with the
same number of vertices. For a short history and further information about cyclic
polytopes the reader should consult [6].

In a series of papers, the first of which is presented here, we intend to
investigate a certain family of polytopes that is derived from the cyclic polytopes,
namely, the quotient polytopes of cyclic polytopes. For every polytope P and for
every face F of P, the quotient P/F is a polytope whose face-lattice is isomorphic
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to the sublattice {G : F C G C P} of the face-lattice of P. When F is a vertex of P,
the quotient P/F is simply the vertex figure of P at F. The notation P/F for
quotients was first introduced by McMullen and Shephard in [11, page 71]. The
concept itself appears already in [6, exercise 3.4.10 (iii)].

Quotient polytopes of cyclic polytopes were investigated also by Hering [9]
and by Schénwald [14]. The approach and purpose of Hering and Schonwald are
completely different from ours, and few of their results overlap with ours. We
feel that a brief description of the different approaches would be appropriate at
this point.

The combinatorial structure of an (n — r)-dimensional cyclic polytope C with
n vertices is shown by Hering [9] to be reflected in the alternating binary
sequence d = (0,1,0, - - -) of length n together with the set of all the alternating
subsequences of d of length r, and a certain partial order relation defined on
this set. The structure of a quotient of C is similarly reflected in a sequence d,
that is obtained from d by omitting certain digits. Moreover, every such binary
sequence corresponds to a quotient of a cyclic polytope (Hering uses the term
“binary polytope” for what we call a quotient polytope of a cyclic polytope).
This is proved by Hering by means of his general ‘‘simplex diagram™ method.
Using this approach Hering proves the Upper Bound Theorem for quotient
polytopes of cyclic polytopes, and a certain generalization of the inequality of
the arithmetic and geometric means.

Schénwald [14] follows Hering’s approach, and his main interest is to develop
a more direct geometric realization of the binary sequence d; as a convex
polytope. For this purpose he considers the sequence d; as obtained from a
smaller alternating binary sequence d,= (0, 1,0, 1, - - -) by addition of several 0
and 1 digits. (d; is obtained from d, by replacing each block of 0’s (resp. 1’s) by a
single 0 (resp. 1)). A realization of this structure as a convex polytope, given by
Schonwald, is obtained by considering a cyclic polytope C. that realizes the
sequence d,, replacing each vertex of C, by a suitable simplex, and taking the
convex hull. In Section 6 we deal with Schénwald’s construction from our point
of view.

The main topics of our investigation are: the reconstruction of C and F from
C/F, where C is a cyclic polytope and F a face of C; characterizations of
quotients of cyclic polytopes; the combinatorial automorphisms of C/F; enu-
meration of combinatorial types of quotients C/F; the degree of neighborliness
of C/F; the f-vector of C/F, and the effect of ‘“‘slight” changes in F on the
f-vector of C/F.

The first three sections of this paper serve as an introduction to the entire
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work. Here we define the basic terms and concepts that will be used later. In
Section 1 we define quotients of convex polytopes and simplicial complexes. In
Section 2 we define missing faces, and establish some of their properties. The
notion of a missing face turns out to be a powerful tool for investigating
simplicial polytopes and more general simplicial complexes. We feel that the
usefulness of this concept goes beyond the realm of this work.

In Section 3 we describe the cyclic polytopes and their quotients, which form
the topic of the present investigation. We show that every quotient of a cyclic
polytope is combinatorially isomorphic to a quotient C/F, where C is an
even-dimensional cyclic polytope, and F is a face of C, such that the set vert F is
“separated” on the moment curve by the remaining vertices of C. This enables
us to restrict our attention to such quotients C/F, where C is even-dimensional
and F is “‘separated”. The advantage of C being even-dimensional is that we can
regard the vertices of C as ordered cyclically on the moment curve.

In Sections 4 and 5 we investigate in detail the quotients C/F, where
C = C(v,2m) is a cyclic 2m-polytope with v vertices, and F is a “separated”
face of C, |vert F|=j. In Section 4 we deal mainly with the case where
v=2m +3 and j <m. We show that in this case C and F can be essentially
reconstructed from C/F, and we also determine the combinatorial automor-
phisms of C/F.

In Section 5 we deal with the remaining cases, where v =2m +2 or j =m
(j > m is impossible). It turns out that in these cases C/F is (isomorphic to) a
direct sum of one or more simplices.

In Section 6, which concludes the first part of this work, we deal with
Schonwald’s construction mentioned above from our point of view; we also
describe it in terms of Gale-diagrams. One of the few results common to our
work and to [9] is Theorem 6.9, which says that every simplicial d polytope with
d + 3 vertices is combinatorially isomorphic to a quotient of a cyclic polytope.

A brief remark about the origins of this work is appropriate. In 1971 the first
author investigated the vertex figures of cyclic polytopes (see [1]). The second
author solved the questions left open by the first author, and suggested dealing
with the more general topic of quotient polytopes of cyclic polytopes. The
combined effort started when we met in August 1972, and led to the series of
papers of which the first is presented here, and which includes the results about
vertex figures obtained in 1971 by the first author while at Temple University,
Philadelphia, Pa.

Our terminology and notation follows [6]. To denote the end of a proof we use
the sign (1.
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1. Quotients of simplicial complexes and convex polytopes

Let K be a convex polytope, and p a vertex of K. The vertex figure K, of K at
p is defined [6, p. 49, ex. 8] as the intersection of K with a hyperplane H which
strictly separates the vertex p from the remaining vertices of K. The face-lattice
F(K,) of K, is isomorphic to the upper segment of F(K) determined by {p}. If
ve FK), peV¥, and ¥' (=¥ NH) is the corresponding face of K,, then
dimV¥' =dimV¥ - 1.

Repeated application of the above construction establishes the following:

If KCR? is a convex polytope, and ® a k-face of K, then there exists a
polytope Ko whose face-lattice is isomorphic to the upper segment of F(K)
determined by ®. If ¥ € #(K), & C V¥, then the corresponding face ¥’ of Ko
satisfies dim ¥V’ = dim ¥ — dim ® - 1. K4 can be realized as the intersection of K
with a suitable (d — k — 1)-flat. K4, and any polytope combinatorially equivalent
to K, is called a quotient polytope (or simply a quotient) of K determined by P,
and is denoted by K/®. From the definition it follows that a quotient of a
quotient of K is again a quotient of K. An alternative construction of quotient
polytopes, using duality, may be found in [11, pp. 71-72], and in [6, exercise
3.4.10 (iii)).

If K is a simplicial polytope, then the boundary complex %B(K)
(= F(K)\{K}) is a simplicial complex. Since we shall be dealing only with
combinatorial properties of simplicial polytopes, we regard each face as its set of
vertices. Under this point of view, %B(K) becomes an abstract simplicial
complex, i.e., a finite collection of sets, which contains together with any element
S all the subsets of S.

If & is an abstract simplicial complex, we shall refer to its elements (cells) as
“faces of @”. The facets of 9 are its maximal faces (maximal with respect to
inclusion). If F is a face of 9, let dimF=|F|-1, and let dim® =
max{dim F : F € @}. We call F a d-face, or @ a d-complex, if dimF = d, or
dim @ = d, respectively. @ is a pure (homogeneous) d-complex if all its facets
are d-faces. Thus the boundary complex of a simplicial d-polytope is a pure
(d — 1)-complex. If J is a face of 9, define the abstract quotient complex 2 /J by

(*) DIJ={S\J:S€D,JCS}={T:TNIJ=Q, TUJE D}.

@ /7 is again an abstract simplicial complex. (If J& 9, then (*) yields 2/J = &.
We shall occasionally use the “quotient™ @ /J, as defined by (*), where 9 is an
arbitrary collection of finite sets, and J is any finite set.)

@/J is, in fact, the link of J in @ (see [6, page 40]). The complex D/J is
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naturally isomorphic to the upper segment of & determined by J, under the
correspondence T — T U J. Thus, if K is a simplicial polytope and € %B(K),
then B (K /®) is naturally isomorphic to B (K)/®. Therefore, instead of dealing
with the ‘“‘geometric” quotients K/®, we shall study the “abstract” quotients
B(K)/D.

2. Missing faces

Missing faces, defined below, play a central role in this paper. They seem to be
a potentially useful tool in the study of simplicial polytopes and complexes in
general.

DeriniTiON 2.1, Let @ be an abstract simplicial complex. A set M of vertices
of @ is a missing face (of @) if MZ &, but every proper subset of M belongs to
9. We denote the set of missing faces of & by mf &.

1f follows from the definition that every missing face of & contains at least two
vertices (unless 9 = (), that a missing face cannot properly include another
missing face, and that mf & # (J, unless @ contains all subsets of vert 9, i.e.,
unless vert P € 9.

If K is a simplicial polytope, then we write mf K for mf 3(K), and call the
elements of mf K missing faces of K. (Note that under this convention, if K is a
d-simplex, d 2 1, then vert K € mf K.)

The most important property of mf & is that & can be reconstructed from
vert @ and mf @, as follows:

LemMA 2.2. If @ is an abstract simplicial complex and S C vert 9, then S € 9
iff no subset of S belongs to mf .

Proor. If SE€E® and TCS, then T€E€ 9, and therefore TZ mf 2. Con-
versely, if $ Cvert @ but S 9, let M be a minimal subset of S which is not in
%. Then M € mf 9. ]

The boundary complex % (K) of a simplicial polytope K can be reconstructed
from mf K alone, as follows:

LemMma 2.3. If K is a simplicial polytope, dim K = 1, then every vertex of K
belongs to a missing face of K.

Proor. If p Evert K, let F be a facet of K which does not contain p. Then
{pyUF¢& B(K). Let T be a minimal subset of F such that {p} U TE& B (K).
Then {p}U T € mf K. O
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THEOREM 2.4. If K is a simplicial polytope, then B(K) can be reconstructed
from mf K.

Proor. If K =, then 3(K)=O, mf K = {J}. If dimK =0, then B(K)=
{2}, mfK =@, If dimK = 1, then vert K = Umf K, by Lemma 2.3, and 8 (K)
can be reconstructed by Lemma 2.2. 1

For an abstract simplicial complex 9, denote by max & the set of facets of 9.
Note that @ is the set of all subsets of elements of max @, and vert @ = U9 =
Umax @. It follows that if @, @' are abstract simplicial complexes, vert @ = V,
vert @'=V’, and ¢ : V—= V' is a bijection, then ¢ induces an isomorphism
between @ and @' iff ¢ induces an isomorphism between max @ and max @', or
between mf% and mf @' (e, D' ={p($):SED}o>max D' ={p(F):FE
max @} omf P’ = {p(M): M € mf 9}).

Also note that if J is a face of @, then max(2/J) = (max 9)/J. This identity
will be used in the sequel.

3. Cyclic polytopes
The moment curve M, in R? (d = 2) is defined parametrically by
x(r)=(r, 7%, 7%) (—o<7<®).

A cyclic d-polytope with v vertices C(v,d) (v >d) is the convex hull of v
distinct points on M, (or any polytope combinatorially isomorphic to it). C(v, d)
is a simplicial {d/2]-neighborly polytope, i.e., every [d/2] vertices of C(v,d)
determine a face. For a detailed treatment of cyclic polytopes see [6, Section 4.7]
and [11, pp. 82-90].

Now suppose C(v,d)=conv{x; :1=i = v}, where x; = x(n)= (7,7}, -, 7})
and 7,<7,<--- <7, The combinatorial structure of C(v, d) is determined by
the following rule, known as ‘“Gale’s evenness condition”:

Let V={1,---,v}. If SCV, then {x, : i € S} is a facet of C(v,d) iff |S|=d,
and

between any two members of V\ S
*) there is an even number of members of S.

Now, if $ C V and v € §, then condition (*) for V and § is clearly equivalent
to the corresponding condition for S\{v} and V\{v}, i.e., between any two
members of (V\{v})\(S\{v}) there is an even number of members of S\{v}.
Therefore, if d =3, then max B(C(v,d))/{xs} is naturally isomorphic to
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max B(C(v — 1,d — 1), or, in other words, the vertex figure of C(v, d) at x, is of
type C(v —1,d —1). The same holds for the vertex figure of C(v,d) at x,.

Therefore, every quotient of an odd dimensional cyclic polytope C(v ~-
1,2m — 1) is also a quotient of an even dimensional cyclic polytope C(v,2m). So
from now on we shall restrict our attention to the case where d = 2m is even.

In order to facilitate the combinatorial manipulation of the boundary complex
of C(v,2m), we introduce an abstract complex 4 (v,2m) as follows:

Let V={i, -, i,} be a finite set of integers, i, <i,<---<i, v=3. The
natural ordering of V induces a cyclic structure C(V), as follows: C(V) is an
undirected graph with vertex set V. The edges of C(V) are the pairs {i,, i,+}
(1=v<wv)and {i, i}

Let S be a nonempty subset of V. A subset B of S is a block of S, if the
subgraph of C(V) spanned by B is a connected component of the subgraph of
C(V)spanned by S. A block B is said to be even (odd) if | B | is even (odd).

Define vy (S) (briefly: v(S)) to be the number of odd blocks of § (¢»(J) = 0).
Clearly 0= »(S)=|S/, and »(S)=]|S| (mod 2). If »(S) =S| then we say that §
is separated.

Dernrmion 3.1, 4(V,2m)={T:(3SC V)[TCS &|S|=2m & v(S)=0}}.
Clearly

max 4(V,2m)={SC V:|S|=2m and v(S)=0}.

Tueorem 3.2. IfV={1,---,v}, v>d =2m =2, then €(V,2m) is isomor-
phic to B(C(v, d)) under the correspondence i — x.

Proor. It sufficies to show that max €(V,2m) is isomorphic to
max B(C(v,2m)). Suppose S C V. If § € max €(V,2m), then S clearly satisfies
(*), hence {x;:i€ S}€maxB(C(v,d)). Conversely, if {x:ieS}e
max B(C(v, d)), then S C V,|S|=2m and all blocks of § which contain neither
1 nor v are even, by (*). But § has at most one block which contains 1 or v or
both, therefore v(S) = 1. Since v(S)=|S| =0 (mod 2), we conclude that v(S) =

0,S €Emax €(V,2m). d
The isomorphism type of € (V,2m) clearly depends only on | V| and m, not on
the particular choice of V. Therefore we shall usually assume that V = {1,-- -, v}.

Every automorphism of the graph C(V) induces an automorphism of ¢(V,2m).
The group of automorphisms of C(V) is a dihedral group of order 2v (v
rotations and v reflections). We shall see later that if v = 2m + 3, then the only
automorphisms of €(V,2m) are those induced by automorphisms of C(V).
C(v,2m) can be realized as the convex hull of v evenly spaced points on the so
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called trigonometric moment curve (see [6, p. 67, excercise 4.8.23]). In this
realization all the combinatorial automorphisms of C(v,2m) are induced by
geometric symmetries (isometries).

From this point on we leave behind the polytopes C(v, d) and deal mostly with
the abstract complexes €(V,2m) and their quotients.

THEOREM 3.3 (Shephard’s condition [15]). Suppose |V|=v>2m =2, and
S CV. Then S is a face of €(V.2m) iff |S|+ v(S)=2m.

Proor. (The proof given here is simpler than Shephard’s original proof.)
Suppose S C V. It is easily checked that if i € V\ S, then »(S U{i})= »(S)=1.
Therefore | S|+ v(S)+2=|SU{i}|+ v (SU{i})=|S|+ v(S) and therefore, if
SCTCV,then |T|+v(T)=|S|+ v(S).

If Te&max¥4(V,2m), then |[T|+v(T)=2m +0=2m. Therefore, if
|S|+ v(S)>2m, then S is not a subset of a member of max €(V,2m), i.e., S is
not a face of €(V,2m).

Now suppose that [S|+ v(S)=2m. If |S|+ v(S)<2m and i € V\S, then
ISU{i}]+v(SU{iD)=2m. If |S|+ v(S)=2m and |S|<2m, then v(S)>0. If
i€ V\S and i is adjacent to (at least one) odd block of S, then it is easily
checked that »(S U{i})=v(S)—1, hence |S U {i}|+ v(SU{i})=2m.

Thus we can enlarge S step by step until we reach a set T,S C T, with
[T|=2m and |T|+ v(T)=2m, hence »(T)=0, T € max €(V,2m). Therefore
S is a face of € (v,2m). (]

THEOREM 3.4. Suppose |V|=v>2m = 2. The missing faces of €(V,2m)
are precisely the separated (m + 1)-subsets of V.

Proor. If § is a separated (m + 1)-subset of V, then |S|+ »(S)=2m +2>
2m, hence § is not a face of €(V,2m); but every proper subset of § is a face of
€(V,2m), by Shephard’s condition. Hence § is a missing face.

If TCV is a missing face of €(V,2m), then [T|+ »(T)Z2m +2, and
| T\{i}|+ v(T\{i})=2m for all i € T. It follows that [T|+ v(T)=2m +2, and
v(T\{i})=v(T)—1for all i €ET. If a block B of T has length =2, then the
removal of a suitable point i of B will increase v, i.e., »(T\{i})= »(T)+1.
Therefore all blocks of T are singletons, ie., |T|=v(T)=m+1, ie, Tis a
separated (m + 1)-subset of V. O

In the next sections we will classify the quotients €(V,2m)/J, where JC V.
The classification will enable us to determine easily, for any two given admissible
triples (V,m,J), (V',m’,J'), whether or not €(V,2m)/J is isomorphic to
E(V'.,2m")J'.
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If J is not a face of €(V,2m), then €(V,2m)/J =, if J € max €(V,2m),
then €(V,2m)/J = {J}. We therefore assume that J is a face of €(V,2m), i.e.,
|J|+ v(J)=2m, and that |J|<2m.

The isomorphism type of €(V,2m)/J remains unchanged if we replace J by
its image under an automorphism (rotation or reflection) of the circuit C(V). We
may therefore assume, whenever convenient, that V={1,-.- v}, 1€ J, and
v € J, unless J = J. Under this convention, every block of J in V is a sequence
of consecutive numbers.

Now we will show that every quotient €(V,2m)/J is isomorphic to another
quotient €(V',2m")/J’, where J' is a separated subset of V',

THEOREM 3.5. Suppose V ={1,--- v}, |V|=v>2m>j, JCV, |J|=j
Jrv(J)=2m, 1 & J. LetJ' be the subset of ] which contains the smallest element
of each odd block of J, |J'|=v(J). Let V'= V\(J\J)=(V\J)UJ', and let
2m'=2m —|J\J'|=2m — (j — v(J)) (notice that m' is an integer). Then
C(V,2m)J = €(V',2m")J".

LemMa 3.6. Suppose V ={1,---, v}, |V|=0v>2m. If I CV consists of two
consecutive numbers, then €(V,2m)/I = €(V\L,2(m - 1)).

Proor. Because of the cyclical symmetry of €(V,2m), it suffices to consider
the case where I ={v — 1, v}. This case is disposed of by applying twice the
remark that follows (*) at the beginning of this section. O

ProorF oF THEOREM 3.5. J can be represented as a disjoint union J =
JiU---uUJ,UJ', where t =3(j — v(J)), and each J, (1=i =1) consists of two
consecutive numbers. Therefore

C(V,2m)J =G(V,2m)[(J, U--- UL UT)=(---(6(V,2m)[J)/J2)] - - - [T )T

By a repeated application of Lemma 3.6 we obtain:
€(V,2m)J = ‘€<V\ U J, 2(m - t))/]’= V', 2mOI". O
i=1

A particular case of Theorem 3.5 is the following:

COROLLARY 3.7. Using the notation of Theorem 3.5, if vy (J)=0, thenj =|J |
is even, and €(V,2m)/J is isomorphic to €(V\J,2m —j).

Theorem 3.5 allows us to restrict our attention to the case where J is a
separated subset of V, and |J|=v(J)=m.
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TueoreM 3.8. If |V|=v=2m +3 =5, then the group of automorphisms of
%(V,2m) is a dihedral group of order 2v, ie., the only automorphisms of
%(V,2m) are those induced by automorphisms of the graph C(V).

Proor. We will show that the edges of C(V) can be defined in terms of
€(V,2m), provided v Z2m +3. The missing faces of €(V,2m) are clearly
defined in terms of €(V,2m) (see Definition 2.1).

By Theorem 3.4 the missing faces of €(V,2m) are exactly the separated
(m + 1)-subsets of V. Therefore, if a,b € V are adjacent in C(V), then no
missing face of €(V,2m) contains both a and b. But it is easy to see that if
a,b € V are not adjacent in C(V), then there exists a separated (m + 1)-subset
of V which contains both a and b. (At this point of the proof we need the
assumption v = 2m +3.) Hence {q, b} is an edge of C(V) iff no missing face of
%(V,2m) contains both a and b.

Therefore, every automorphism of €(V,2m) preserves edges of C(V), or, in
other words, is induced by an automorphism of C(V). O

In Sections 4 and 5 we will see that if @, = €(V,2m.)/J, (i=1,2), |Vi|=
2m,+3=5,|J,|<m,and J; is separated in V, for i = 1,2, then &, is isomorphic
to @, ift |V,|=|V,|, mi=m,, |J,|=|J,| and J, is the image of J, under an
isomorphism between C(V,) and C(V,).

In Section 5 we will give a complete description of the quotients €(V,2m)/J,
where J is a separated subset of V and |V |=2m +2 or |[J|=m.

4. The structure of €(V,2m)/J (v=2m +3, j<m)

In the present section we study the structure of mf(€(V,2m)/J), the set of
missing faces of €(V,2m)/J. We assume, unless otherwise specified, that

v={1,2--- v}, [J|=j=m, v=2m+1z3,
4.1) .
J is a separated subset of V.

However, the main goal of this section is Theorem 4.9, which states that V, m
and J can be essentially uniquely reconstructed from the quotient complex
€ (V,2m)/J, provided we know in advance that v Z2m + 3 and j < m. Later, in
Theorem 5.8, we will strengthen this result. We will show that the truth of the
statement “v =2m +3 and j <m” need not be known in advance, but can be
decided by inspecting the quotient €(V,2m)/J. We will also describe what
happens when v =2m +2 or j = m.
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The elements of V and J will sometimes be referred to as vertices, having in
mind the graph C(V), and by saying that two vertices of V are adjacent we
mean that they are adjacent in the graph C(V).

In order to study the missing faces of €(V,2m)/J we define the concept of a
chain. This concept will play a central role in the entire work.

DEerFiNTioN 4.2, Let a,b € V\J. We say that a ~ b if there is a sequence
a=4a;,0as; -",a =>b (t=1) such that for each 1=i <t there is a vertex in J
adjacent to both a; and a;... The relation ~ is easily seen to be an equivalence
relation in V\J, and the equivalence classes will be called chains. We will refer
to these equivalence classes as ‘“‘chains of V'\J”’, although, strictly speaking, they
are defined in terms of both sets V and J. The length of a chain is the number of
vertices in the chain. A vertex of J that is adjacent to a vertex in a chain (and
hence to two different vertices, since J is separated in V) is said to be covered by
the chain. Therefore the length of a chain exceeds by one the number of vertices
of J covered by the chain. (The only possible exception, when v is even and J
contains every second vertex of V, is excluded by condition (4.1).) Two different
chains R;, R,, are adjacent if there are vertices a € R,, b € R, adjacentin V. A
set of chains is separated if no two chains in the set are adjacent.

In Fig. 1 the chains of length >1 are marked. The sequence of lengths af
successive chains, starting at the chain of length 3 and moving clockwise, is 3, 1,
2,1,1, 2

Fig. 1. The vertices in J are black, while those in V\J are white. The chains of length >1 are
marked.

LemMma 4.3. The number of chains in V\J is v — 2j.

Proor. Assume there are ¢ chains in V\J, and let r,r,,---,r. be their
lengths. Then

U—j=zlri and j=;(rl_1)=;ri—t’

hence
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[

t=>rn—j=0v~2j 0O
=1

For the purpose of the next theorem it will be convenient to extend the notion
of a missing face as follows (see Definition 2.1):

DEerFNITION 4.4, Let @ be an abstract simplicial complex, and let V be a set
which includes vert 9. A subset S of V is a missing face of @ relative to V if
S& @, but all proper subsets of S belong to . Thus S is a missing face of &
relative to V iff either |S|= 2 and § is a missing face of & in the usual sense, or
[S|=1and S C V\vert 9.

THEOREM 4.5. If v>2m +1 and SCV\J, then S is a missing face of
€(V,2m)/J relative to V\Jiff S is a union of m — j + 1 separated chains of V' \ J.

Proor. Suppose v >2m +1 and S C V\J. By Definitions 2.1 and 4.4, S is a
missing face of €(V,2m)/J relative to V\J iff S U J is not a face of 4 (V,2m),
but for every s € S (S\{s})UJ is a face of €(V,2m). Hence it follows from
Shephard’s condition (Theorem 3.3) that S is a missing face of €(V,2m)/J
relative to V\J iff

® [SUT|+v»(SUT)>2m and
*
[((S\{sHhUT|+v(S\{sHhUJT)=2m for every s € S.
Since both left sides in (*) are even numbers and their difference does not exceed
2, (*) is equivalent to

) ISUJ[+v(SUJT)=2m+2  and
[(S\{shUJT|+v(S\{sHhUuJ)=2m for every s € S.

This is equivalent to

[SUJ|+»(SUJ)=2m +2  and
(***)

v(S\{shul)=v(SUJ)-1  forevery sES.

It follows that if S is a missing face of € (V,2m)/J relative to V\J, then SUJ
does not contain any even block (every even block of § U J contains at least one
element s of S, and the removal of s increases the number of odd blocks), in
every block B of S UJ all the evenly-placed (i.e., the second, fourth, etc.)
elements belong to J and, since J is separated in V, all the oddly-placed (i.e., the
first, third, etc.) elements of B belong to S. (If an element sE€ S were
evenly-placed in B, its removal would increase the number of odd blocks of
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S UJ) Note that the restriction v >2m + 1 together with (***) excludes the
possibility that SUJ = V.

We conclude that if S is a missing face of €(C,2m)/J relative to V\J, then S
does not contain any two adjacent vertices of V, and S is a union of complete
chains of V\J, no two of which are adjacent.

On the other hand, if S C V'\J is the union of a separated set of chains of V'\J
and |[SUJ|+v(SUJ)=2m +2, then it is easily seen that v((S\{shUJ)=
v(S UJ)—1 for every s € S, and therefore S is a missing face of €(V,2m)/J
relative to V\J.

Now let S be the union of ¢ separated chainsof V\J,andletr,, r,, - -, 1, be the
lengths of those chains. Clearly [SUJ|=|S|+|J|=j+Zi_,r. The number
v(S UJ) of odd blocks in $ UJ equals the number ¢ of chains in S, plus the
number x of elements of J that are not covered by any chain in S. Clearly
x=j—=3,(n~1)=j~2Zi_ r+t Therefore

lSU]]+V(SUJ)=(j+;r,-)+t+(j—§r,—+t)=2j+2t.

From the preceding arguments it follows that S is a missing face of €(V,2m)/J
relativeto VA\Jiff 2j +2t =2m +2,ie. .t =m —j+ 1. a

LEmMMA 4.6. If j <m then vert €(V,2m)/J = V\J.

Proor. Clearly vert €(V,2m)/J C V\J.If x € V\J, then {x} U J is a face of
€(V,2m), since [{x}UJ|=m. Therefore {x} is a face of €(V,2m)/J, ie,
x Evert €(V,2m)/J. O

Using Lemma 4.6, we obtain a simplified version of Theorem 4.5 for the case
j<m:

THEOREM 4.7. If v>2m +1 and j <m, then S C V\J is a missing face of
€(V,2m)/J iff S is a union of m —j +1 separated chains of V\J.

The last theorem enables us to determine the number of missing faces of
%(V,2m)/J, for v >2m +1 and j <m, as follows:

COROLLARY 4.8. Ifv>2m +1 and j <m, then

_ v-—2j v—m—j—l)
|mf(6(V,2m)/J)| v-—m—j—l( m—j+1 )

Proor. By Lemma 4.3, the number of the chains in V\J is v — 2j. Consider
those v —2j cyclically ordered chains as a cyclically ordered set V' of v —2j
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elements. By Theorem 4.7, a subset §' of V' induces a missing face of
€(V,2m)/J iff |S'|=m —j+1 and S’ is separated in V"
The number of separated k-subsets of a cyclically ordered n-set is

[l

n-k k

(see [13, p. 198])). By substituting k =m —~j+1, n=v—2j we obtain the

required result. 0
We now arrive at the main goal of the present section. The question under

consideration is the following: To what extent can V, J and m be reconstructed
from €(V,2m)/J (assuming, as usual, that J is separated in V)?

THEOREM 4.9. If v=2m +3 and j<m, then V, J and m are essentially
determined by the quotient complex €(V,2m)/J, in the following sense:

If€(V,2m)lJ, = €(V,,2m;)/J,, where | Vi|=0v,22m, +3,0=|J.|=j <m,
and J; is a separated subset of V, for i = 1,2, then m,= m,, v, = 03, j, = [, and
there is an isomorphism ¢ : C(V) > C(V,) such that J,= ¢ (J\)). (If V.= V,, this
means that I, is the image of J, under a rotation or reflection of C(V)).)

Proor. Let ¥ = €(V,2m)/J,. By Lemma 4.6, vert¥ = V,\J,. We will
show that the chains induced by J; in V;\J,, as well as the cyclic order of those
chains in C(V)), are determined by the structure of ¥, i.e., by properties of ¥
which are preserved under isomorphism.

First note that by Theorem 4.7, every missing face of % is the union of
m;— j; + 1 separated chains in V,\J,. m,—j,+ 1= 2, since j, < m,. The number
of chains in Vi\J, is v:—2j;,, by Lemma 4.3. Since v,=Z2m;+3, we have
v1—2j1Z 2(m,~ j,; + 1)+ 1. Therefore, for every two chains R;, R, in V;\J,
there is a missing face of ¥ which contains R, and misses R,. Moreover, if R,
and R, are not adjacent in C(V)), then there is a missing face of ¥ which
contains both R, and R,.

Now define an equivalence relation = on vert ¥ as follows: a = b iff every
missing face of i either contains both a and b or misses both. From the above
considerations it follows that the equivalence classes of vert % with respect to =
are precisely the chains of V;\J,. Moreover, two chains R,, R, are adjacent in
C(V)) ift no missing face of % contains R, U R,. Thus, the chains of V,\J, and
their cyclic order in C(V,) are determined by .

The numbers m,, v, j, are also determined by %, since the maximum
cardinality of faces of ¥ is 2m;—j;, |vert ¥ |=v,—j,, and the number of
equivalence classes of vert ¥ with respect to = is v, —2j,.
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If ' = €(V2,2m2)/J; is isomorphic to ¥, then, by the above considerations,
m,=m,, U; = Vs, j1 = j>, and there is a 1 — 1 correspondence between the chains
of Vi\J, and the chains of V,\J, which preserves size and adjacency. Such a
correspondence is clearly induced by an isomorphism ¢ : C(V,)— C(V>) which
maps J; onto J,.

Note that the proof is constructive, and provides an effective procedure for
producing a listing of m, V and J from a listing of €(V,2m)/J, when v =Z2m +3
andj <m. d

In view of the last theorem, it is interesting to note that the order of the
vertices within each chain of V\J is not determined by €(V,2m)/J.

LEmMMA 4.10. Under assumption (4.1), every permutation ¢ of V\J which
maps chains onto chains and adjacent chains onto adjacent chains induces an
automorphism of €(V,2m)/J.

ProOF. Let ¥ = €(V,2m)/J. If ¢ maps chains onto chains and preserves
adjacency of chains, then ¢ maps the set of missing faces of ¥ relative to V\J
onto itself, since those missing faces are exactly all the unions of m —j +1
pairwise non-adjacent chains of V'\J. Therefore ¢ maps ¥ onto ¥, since S € ¥
iff §$ C V\J and no subset of S is a missing face of ¥ relativeto V\J. O

Combining the last lemma with a part of Theorem 4.9 we obtain:

THEOREM 4.11. If v =Z2m +3 and j < m, then a permutation of V\J induces
an automorphism of €(V,2m)/J iff it maps chains onto chains and adjacent
chains to adjacent chains.

Note that for J = J Theorem 4.11 reduces to Theorem 3.8.

In the sequel we regard the automorphisms of a complex (or a graph) & as
permutations of vert @ which map faces (or edges) of @ onto faces (or edges,
respectively) of 9. Under this convention the same permutation ¢ of V may be
an automrophism of several different structures on V. We denote by Aut(%) the
group of automorphisms of 9.

Theorem 4.11 enables us to describe the automorphisms of €(V,2m)/J as
follows. Define

Aut(C(V),])={p € Aut C(V): p(J) = J},

and for ¢ € Aut(C(V),J), denote by ¢ |v\s the restriction of ¢ to V\J. Also let
F(V\J) be the group of all permutations of V\J. Then:

THEOREM 4.12. Suppose v=2m +3 and j<m. Let Ry, -+, R,z be the
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chains induced by J in V\J. (R,,* -, Ro—y) is a partition of V\J) Then
Aut(€(V,2m)/J)= A - B, where

A= {SP ,vu: (4 EAUt(C(V)’J)},
B={¢ € Z(V\J):¥(R)=R. for 1=i=v-2j}.
Therefore | Aut(€(V,2m)/T)| = | Aut(C(v), J)| - TE=?| R |1.

Proor. First note that [ A | =|Aut(C(V),J)|, since every automorphism of
C(V) is determined by its action on V\J (since | V\J|= 3). It is also clear that
[B|=TI7ZZ| R |!.

If ¢ € Aut(C(V),J) and ¢ € B, then ¢ and ¢ map chains onto chains, and so
do ¢ ’v\, and ¢vys - . Therefore ¢ ,V\,- Y € Aut(€(V,2m)/J), by Theorem 4.11.
This shows that A - B C Aut(€(V,2m)/J).

Denote by D the graph whose vertices are the chains Ry, - - -, R,_»;, where R;
is joined by an edge to R, iff R; and R; are adjacent chains. D is a cycle of length
v —2j. (Note that v-2j=22m +3-2(m - 1)=5))

Every automorphism o of €(V,2m)/J induces an automorphism @ of D,
defined by @(R;) = w(R;), which preserves lengths of chains, i.e., |@(R)| = | R;|
for all i. Every such length-preserving automorphism @ of D can be “built up”
to an automorphism ¢ € Aut(C(V),J), such that ¢(R))= @(R)) = w(R;) for
R EvertD. Let ¢=¢|w, ¥=¢ " w Then G(R)=w(R)EvertD for
R: € vert D, and therefore (R;)= R, foralli. Thusw = ¢ -, ¢ E A, y € B.

If w=¢: 1= @2 ¢, where ¢, 02€ A, ¢, Y€ B, then w(R)= ¢(R)=
¢2(R;) for all i. Thus ¢7'- ¢, is the restriction to V\J of an automorphism of
C(V) which preserves J and maps every chain onto itself. Such an automor-
phism must be the identity, since the number of chains, v —2j, is at least 3.
Therefore ¢, = ¢,, which implies ¢, = ..

We have shown that every w € Aut(€(V,2m)/J) is uniquely expressible as a
product ¢ - s, ¢ € A, ¢ € B. Therefore | Aut(6(V,2m)/J)|=]A|-|B]. ]

We conclude this section with an explicit description of the facets of
€(V,2m)/J (v=2m +3, j <m) in terms of the chains of V\J.

THEOREM 4.13. Suppose v=2m +3 and j<m. Let R,,-++,R,_5 be the
chains induced by J in V'\J, arranged in their natural cyclic order on C(V). For
S C V\J, define S*={i : R, C S}. Then S € max €(V,2m)/J iff:

@ |S]=2m -},

(®) |8*]=2(m - ),

(©) |R\S|=1 foriZ S*,
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(d) $* satisfies Gale’s Evenness Condition with respect to the circuit
Cd1L, -~ v-2j}.

Proor. First note that (b) follows from (a) and (c). Indeed, if S satisfies (a)
and (c) then

v~2f

v=2m=(v-j)=@m=j)=|V\J\S|= 2 |R\S]|

= 2 IR\S|= 3 1=0v-2j-|$*],

ZS8*

hence |$*|=2(m —j).
Similarly (a) and (b) imply (c), as follows: from (a) and (b) we obtain

v=2j

v-2m=(-j)-Cm—j)=|V\J\S|= 2} |R:\S]|

=_Ezs_lRi\Sliu—%—lS*l:v—2j—2(m—j)=v—2m_

Thus we have equality throughout, and [R;\S|=1 for all i& S*.

Now assume S € max €(V,2m)/J. Then clearly | S| =2m — j. Also, S includes
no missing face of €(V,2m)/J, and is maximal with respect to this property.
Since every missing face of €(V,2m)/J is a union of complete chains (Theorem
4.7), § misses at most one vertex in each chain R. This proves (c), and (b)
follows.

Define V*={1,2,---,0~2j}. Then S*C V* |S* =2(m —j), and from
Theorem 4.7 it follows that $* does not include any separated (m — j + 1)-subset
of V*. Thus $* contains no missing face of the cyclic complex €(V*,2(m — j))
(see Theorem 3.4), hence S$* € max €(V*,2(m — j)), and therefore S* satisfies
Gale’s Evennes Condition with respect to the circuit C(V*) (see Definition 3.1).

Conversely, if S C V\J satisfies conditions (a)-(d), then $* does not include
any separated (m —j+ 1)-subset of V* and therefore S does not include
m —j + 1 separated chains of V'\J. Thus, by Theorem 4.7, S € €(V,2m)/J, and
since|S|=2m —j, S € max €(V,2m)/J. O

5. Direct sums and the structure of €(V,2m)/J (v=2m +2or j=m)

The main purpose of this section is to show that (under the notational
convention (4.1)) if j =m or v =2m + 2 then €(V,2m)/J is isomorphic to the
boundary complex of the direct sum of (one or more) simplices (Theorems 5.6,
5.7), whereas if j <m and v=2m +3 then €(V,2m)/J is irreducible with
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respect to direct sums and is not isomorphic to the boundary complex of a
simplex (Theorem 5.12).

DeriniTioN 5.1, Let @ and € be nonempty abstract simplicial complexes,
vert @ Nvert € = . The direct sum P P € is:

2PE€={DUE:D€E9,EcE&}

The direct sum of more than two simplicial complexes is defined similarly.

Capital script letters are used in this section exclusively to denote nonempty
abstract simplicial complexes.

The following properties of direct sums are easily verified:

vert(D P &) =vert D Uvert &.
max(2 P €)={D UE :D € max ¥, E € max &}.
* mf(DP E)=mf D Umf &
(**) If D Cvert9, E Cvert &, then
(@ @ )/(D UE) = (2/D)® ($/E).
In particular, if E € max € then

(2P 8)/E =2
Also,

(%) D={SEDDE:S Cvert B}.

Thus we see that & is both a subcomplex and a quotient of & P &.

We say that € is a factor of € if € = € P D for some &. A factor of & is
determfined by its set of vertices (see (**x)). If F# CCvert€ and € =
{S € €:S C C}isafactor of &, then every missing face M of & is either included
in C or disjoint from C, because of (*). Moreover, in that case

mf€={MCC:Memf&}.

We say that & is irreducible if € # {(J}, and & has no factors other than & itself
and {J}.

DEerFINITION 5.2. Suppose &# {(J}. Define an equivalence relation = on
vert € as follows: x =z iff there are vertices x = yo, y1,- -+, y. = z (¢t =0) and
missing faces Uy, - - -, U, of &, such that {y._;, y;} C U; for 1 =i =t. Denote by
Wi, - -, W, the equivalence classes of vert € with respect to =.
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If U € mf &, then clearly U C W, for some i. If v is a vertex of & that does not
belong to any missing face, then {v} = W, for some i.

From the remarks preceding Definition 5.2 we see that every factor € of € has
the form € ={S € & :S C C}, where C is a union of some of the equivalence
classes W, -« -, W, In particular, € is irreducible if s = 1.

Now we turn our attention to direct sums of convex polytopes.

THeoOREM 5.3. Let V., -+, V, be linear subspaces of R such that R =
Vi@ P V. For 1 =i =s, let K; be a convex polytope in V; which contains the
origin as an irterior point, relative to V.. Let K =conv(K,U---UK,). Then
B(K)=RB(K)PD - P B(K,).

Proor. If d =0, then K = K, = {0} and B(K)= B(K,)={} for all i. If
d >0, and dim V; =0 for some i, then the omission of K; will affect neither K
nor the direct sum B(K,)P - - - P B(K;). Assume therefore that dim V; >0 for
all i.

It is easily checked that K is a d-polytope, 0 € int K and vert K is the disjoint
union of vertK;, for 1=i=s.

We must show that B (K) consists exactly of all unions F; U - -- U F,, where
F e 3(K) for 1=i=s If FERB(K), then there is a linear functional
f:R*—> R suchthat f(x)=1forx €F, f(x)<1lforx Evert K\F.For1=i=s,
let F;=F NvertK. Then F, € #(K,), and F=F, U---UF,

Conversely, if F, € B(K:) are given for 1=i=s, let fi: V;—> R be linear
functionals such that fi(x)=1 for x €F, fi(x)<1 for x Evert K;\F. Let
f.: R* > R be linear functionals, such that f (x) = f(x) for x € V,, fi(x) =0 for
XxE V,j#iDefinef=fi+ - +f Thenf(x)=1forx EF,U---UF, f(x)<1
for x €(vert K;\F)U---U(vert K,\F,)=vert K\(F,U"---UF,). Therefore
F,U---UF, € #(K). ]

Theorem 5.3 justifies the following definition:

DermNTION 5.4. K is the (geometric) direct sum of the polytopes K, - - -, K,
if K =conv(K;U---UK,), M relint K; # &, and dimK =
dimK,+---+dimKX..

From the conditions of Definition 5.4 it follows that (M;_, relint K; consists of a
single point z,0 € relint(K; — z) for 1=i=s, K-z =conv Ui, (K, - z), and
aff (K — 2) is the direct sum of the linear spaces aff(K;—z), i=1,2,---,s.

The next result will be useful for the classification of the quotient polytopes
C(v,2m)/J in the cases v =2m +2 or |J|=m, which are exceptions to the
general case treated in Section 4.
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THEOREM 5.5. A simplicial polytope K is combinatorially equivalent to a direct
sum of simplices iff the missing faces of K are pairwise disjoint.

Proor. (a) If T is a simplex, then mf T = {vert T}. Suppose K is the direct
sum of simplices Ti,--+, T.. Then B(K)= B(T,)P---P RB(T.), and mfK =
mf T,U---UmfT, ={vert T\, --,vert T,}. The sets vertT,,---,vertT, are
clearly pairwise disjoint.

(b) Suppose mf K ={U,, -, U}, and the sets Uy, ---, U, are pairwise dis-
joint. Then vert K = U;U---U U, (see Lemma 2.3), and K is combinatorially
equivalent to the geometric direct sum of simplices T,,- -+, T, of dimensions
|U,| =1, -+, | U/| = 1, respectively (see end of Section 2). a

Now we turn back to the cyclic polytopes C(v,2m), where v =2m +2.

C(2m +1,2m) is a simplex, and all its quotients are simplices. (If T is a
d-simplex and F& B(T), then B(T)/F is the boundary complex of the
(d — | F|)-simplex conv(vert T\F).)

C(2m +2,2m) is the direct sum of two m-simplices T, T, (see [6, p. 98]).
More precisely, if the vertices of C(2m +2,2m) are x,, * - -, Xam+» and appear in
this order on the moment curve, then

Ti=conv{xu_:1=i=m+1} and T,=convi{xy:1=i=m+1}.

By Theorem 5.3, the proper faces F of C(2m +2,2m) are exactly all the sets
F,UF,, where F, € B(T.), F-€ B(T>), and by (+*) we have

B(C@m +2,2m)/F) = B(CQ2m +2,2m))/F = B(T: @ T»)/F
= (B(T)D B(T2))/(Fi U Fy) = B(T:)/F,® B(T:)/Fa.

Following [6, p. 53], we use the symbol T¢ to denote a d-simplex. Writing
T T°, we assume that the relative interiors of T and T* have exactly one
point in common. Thus T# T*, even if d = e, unless d = e =0.

We thus obtain:

THEOREM 5.6. The quotients of C(2m +2,2m) are, up to isomorphism, ex-
actly the polytopes T® @ T*, where 0=a =B =m.

Note that T* @ T? = T? if @ = 0. The number of distinct types of quotients of
C2m+2,2m)is 142+ -+ (m +1)=3m +1)(m +2).

Next we return to the quotients €(V,2m)/J, where m = 1, |V|=0v=2m +3,
J is a separated subset of V, and |J|=j = m. Here the main result is:

THEOREM 5.7. Let V, m, J be as above, and let V.,---, V, be the chains of
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lengths > 1 inducedby Jin V\J. If | V.|=1+aifor | =i =1, then(V,2m)/J =
B(TPH - D T).

Proor. Let ¥ = €(V,2m)/J. By Theorem 4.5, the missing faces of ¥
relative to V'\J are precisely the chains induced by J in V'\J. By the remark that
follows Definition 4.4, the missing faces of ¥ relative to V'\J are the singletons
{x}, where x € V\J\vert ¥, and the ‘“‘ordinary” missing faces of ¥. It follows
that vert ¥ = V,U---U V,, and mf % ={V,, -+, V,}. By Theorem 5.5 and its
proof, ¥ is isomorphic to the boundary complex of a direct sum of simplices
T@: - DT wherea; =|V,|-1for1=i=t. O

ReMark. The above proof holds for v = 2m + 2. The theorem is true even
for v =2m + 1.

The next theorem will enable us to check the truth of the statement
“pz2m +3 and j <m” by looking at the quotient €(V,2m)/J. This is the
strengthening of Theorem 4.9 that was promised at the beginning of Section 4.
(See also Theorem 5.12 below.)

THEOREM 5.8. Let V, v, J, j and m be as in (4.1). Let ¥ = €(V,2m)/J. Then
the missing faces of X are pairwise disjoint iff v =2m +2 or j = m.

Proor. (a) If v =2m +2 or j = m, then ¥ is isomorphic to the boundary
complex of a direct sum of simplices, and the missing faces of X are pairwise
disjoint. See Theorems 5.5, 5.6, 5.7. (This includes the case where J has only
one missing face, and is isomorphic to the boundary complex of a simplex.)

(b) Suppose v =2m +3 and j <m. Then the missing faces of ¥ are exactly
the unions of m —j + 1 separated chains of V\J, by Theorem 4.7. There are
altogether v —2j chains, by Lemma 4.3. Since m —j+1>1 and v—-2j>
2(m - j +1), every chain belongs to at least two missing faces, and thus the
missing faces of % are not pairwise disjoint. O

In Theorem 4.12 we determined the automorphisms of €(V,2m)/J (J
separated, |J|=j) for the case |V|=v=2m +3, j <m. The corresponding
result for the case v =2m + 2 or j = m is trivial. We include it here for the sake
of completeness.

THEOREM 5.9. Suppose K is the direct sum of simplices T,,---, T,. Then
vert K = Ui vert T,, mf K = {vert T : 1= i =t}. The automorphisms of % (K)
are the permutations of vert K which preserve mf K. Therefore |Aut B(K)| =
I (G + DY - hy!, where h; is the number of j-dimensional simplices among
T, - T.
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Theorem 5.7 enables us to enumerate the types of quotients €(V,2m)/J
where J is a separated m -subset of V. (The corresponding enumeration problem
for |[J|=j <m is less trivial, and will be solved in a later part of this work.)
Suppose €(V,2m)/J = B(TP - - P T*). Equating dimensions on both sides
we obtain:

a+-ta=2m-|J]=m.
For the number of vertices we get:
(EV.2m))=(a,+ D)+ +t(@+)=m+t=v—-j=v-m.

Hence t = min(m, v —2m).

Conversely, it is clear that for every sequence a,,- - -, a, of positive integers
such that a;+---+a =m and 1 =t = v - 2m there is a separated m -subset J
of V such that €(V,2m)/J =~ B(T*D---PT*). If V={1,2,---, v}, take

i—1
J=J,U---UJ, where.f.-={2(2ak+1)+2v:1§v§a.-}.)
k=1

Hence:

THEOREM 5.10. The number of different combinatorial types of quotients
€(V,2m)/J, where J is a separated m -subset of V and | V|= v = 2m + 3, equals
the number of unordered partitions of m into at most v — 2m positive integers. If
v = 3m, this is the number p(m) of all unordered partitions of m into positive
integers.

The function p(m) is well-known in combinatorics and number theory, and is
asymptotic to (4m Vg)“exp(w\/M). (See [8, sections 4.1, 4.2].).

The next result follows easily from Theorem 3.5, Theorem 5.6 and the proof of
Theorem 5.7. The proof is left to the reader.

THEOREM 5.11.  Every direct sum of simplices is isomorphic to a quotient
polytope of a cyclic polytope. In fact, if a1, - -, a, are positive integers, t = 1, the
T*@ - T* is isomorphic to a quotient polytope of C(v,2m) iff

eitherv Z2m +tandm Z o, + - -+ a, (Theorems 5.7 and 3.5);
ort=2,v=2m+2andm =Zmax(a,,--,a) (Theorem 5.6);
ort=1v=2m+1and 2m =z a, (trivial).

In this section we saw that if X = €(V,2m)/J, where V, m, J are as in (4.1),
then X is isomorphic to the boundary complex of a simplex or of a direct sum of
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simplices iff v =2m +2 or j = m. We conclude the section by observing that if
j<m and v =2m +3, then ¥ is irreducible.

THEOREM 5.12.  Using the notations of Theorem 5.8, if j <m and v =Z2m + 3,
then X is irreducible, and is not isomorphic to the boundary complex of a simplex.

Proor. (a) From the considerations in Part (b) of the proof of Theorem 5.8 it
follows that vert X (= V'\J) cannot be split into two non-empty sets W,, W,,
such that every missing face of X is included in W, or in W,. (The union of any
two nonadjacent chains of V'\J is included in a missing face of ¥. If C,, C; are
adjacent chains, then there is a third chain not adjacent to C,, nor to C,, since
v —2j =5.) Therefore X is irreducible. (See the remarks following Definition
5.2)

(b) vert ¥ = V\J by Lemma 4.6. Therefore ¥ is isomorphic to the boundary
complex of a (2m — j)-polytope K with v —j vertices, and v —j =Z2m —j +3.

6. Alternative constructions of quotients of cyclic polytopes

In this section we show how to obtain the quotients of cyclic polytopes from
lower-dimensional cyclic polytopes by a process that can be described as
“expansion” or “vertex-splitting”. The construction is due to Schénwald [14].
We outline a direct description of this construction (Theorem 6.4), and also an
indirect one, using Gale-diagrams.

DerNITION 6.1. Let K C R* be a k-polytope, and let ACR® be an r-
simplex, such that aff K Naff A consists of a single point p, p € K Nrelint A.
Let K'=conv(K UA). Then we say that K’ is obtained from K by (r+1)-
splitting at p.

Note that if p € relint K, then K'= KA.

THEOREM 6.2. Let K, k, A, r, p and K’ be as in Definition 6.1. Assume
moreover that K is simplical, that k =1 and that p € vert K. Then

(1) dimK’'=k +r;

(2) vert K’ = (vert K\{p}) Uvert A;

(3) if V Cvert K\{p}, WCvertA, then VU W€ B(K') iff
either W# vertA and V € 3B(K)
or W=vertAand VU{p}€ B(K);

(4) K' is a simplicial polytope;

(5) if VCvertK\{p}, WCvertA, then VUW € mk K’ iff
either W=  and VEmEK
or W=vertAand V U{p}€ mfK.



120 A. ALTSHULER AND M. A. PERLES Israel J. Math.

Proor. (1) Obvious.

(2) This is a special case of (3).

(3) The proof is easy, and is left to the reader. (A proof of (3) may also be
found in [14, pp. 24-26].)

(4) This follows immediately from (3), since K is assumed to be simplicial.

(5) This follows directly from (3). The detailed verification falls naturally into
a number of cases. The reasoning in the different cases is similar. We shall
describe only one case. Suppose VU W € mf K', where V Cvert K\{p}, W =
vert A. Then VU {p}& B(K), by (3). If w € W, then (W\{whU V € B(K’),
hence V € B(K), by (3). If v € V, then W U (V\{v}) € B(K"), hence (V\{v}) U
{p} € B(K), again by (3). It follows that V U{p} € mf K. The remaining parts
of the verification are even simpler, and are left to the reader. a

The following corollary is a useful reformulation of Theorem 6.2, part (5).

CoroLLARY 6.3. Let K, A, K' be as above. Define a function
f:vertK'—vertK as follows: f(x)=x for x Evert K\{p}, f(x)=p for
x EvertA. Then mfK'={f"(M): M € mf K}.

Suppose K is a simplicial k-polytope, vert K ={p,---,p.} (¢t = fo(K)). Let
K =Ko, K, - -, K, be a sequence of polytopes, such that each K; (1=i=t)is
obtained by r;-splitting of Ki_; at p; (. = 1). (Note that p; € vert K;_,.) Then K, is
a simplicial polytope, dimK, =k +2{_,(r.—1), and there is a function
f:vert K, —vert K, such that [f(p;)|=r, for 1 =i =¢ and

*) mf K, = {f '(M): M € mf K}.

Thus, the structure of K, does not depend on the given ordering of vert K, and
the splitting at the different vertices of K can also be done simultaneously. We
say that K, is obtained from K by r-splitting at p, for 1 =i =1

Now we shall see how a quotient of a cyclic polytope can be obtained by
splitting vertices of a lower dimensional cyclic polytope.

THEOREM 6.4. Suppose X' = €(V,2m)/J, where V and J are as in (4.1),
|VI=v>2m +1, |J|=j<m. Let Ry, -, R, be the chains induced by J in
V\J, arranged in their natural cyclic order on C(V). Let K be a cyclic
2(m — j)-polytope with v —2j vertices xi, - - -, X,_z;, arranged in this order on the
moment curve, and let K' be obtained from K by |R,|-splitting at x, for
1si=v—-2) Then B(K)=¥}".

Proor. Let X; be the set of vertices of K' that arises from the | R; |-splitting
of K at x;, (1=i=v-2j). Then [X;|=]|R;|, and vert K' is the disjoint union of
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X1+, X, Let ¢ be a bijection of vert K’ onto vert ¥'(= V\J=R,U---U
R,_;) which maps X; onto R, (1=i = v —2j). In order to show that ¢ is an
isomorphism between ¥’ and B (K"), it suffices to check that ¢ maps mf K’ onto
mf &’ (Theorem 2.4). The missing faces of ¥’ are precisely all the unions of
m —j + 1 separated chains R, (Theorem 4.7). The missing faces of K' can be
described as follows. Define f:vert K'—vert K by f(y)= x; for y € Xi. Then,
by (¥), mf K'={f"'(M): M €mfK}, and f'(M)=U{X, :x, € M}. Since the
missing faces of the cyclic 2(m — j)-polytope K are precisely the separated
(m — j + 1)-subsets of {xy, - - -, X,—}, it follows that ¢ (mf K') = mf . O

REMARKS. (a) In the above proof, we have used missing faces in order to
show that ¢(%(K'))= X'. Instead, we could have used the description of the
facets of )’ in Theorem 4.13, and the description of the facets of K' that follows
from Theorem 6.2, part (3).

(b) In Theorem 6.4 we assumed that j <m. If j = m, then ¥ is isomorphic to
the boundary complex of a direct sum of simplices. A direct sum of ¢ simplices
Ay, -+, A, can be thought of as obtained from a ¢-fold point p = p,=p.=---=p,
by |vert A, |-splitting at p, for 1 =i =t The t-fold point p is, in a sense, a
“0-dimensional cyclic polytope with ¢ vertices”.

(c) The arguments used in the proof of Theorem 6.4 actually yield also the
converse of that theorem, namely: If K’ is obtained from a cyclic 2k -polytope K
with t vertices xi, -+, x, (t >2k +1=3) by r-splitting at x; (1=i=1t), then
B (K') is isomorphic to €(V, 2(k +j))/J, where j =Zi_(r. — 1), | V| =t + 2j, and
J is a suitable separated j-subset of V.

(d) If K’'=conv(K UA) is obtained from K by r-splitting at a vertex p, and
K" is obtained from K’ by s-splitting at a vertex g of A, then K" is obtained from
k by (r + s — 1)-splitting at p. Conversely, every r-splitting of K can be obtained
by a suitable succession of r — 1 2-splittings.

(e) It follows that the class of quotients of cyclic polytopes is closed under the
operation of splitting at a vertex. It is also closed under combinatorial equiva-
lence and under the operation of passing to a quotient. Other classes of
polytopes closed under these operations are:

(1) simplices,

(2) direct sums of simplices,

(3) simplicial polytopes.

(f) Note that the operations of splitting at a vertex and direct sum commute in
the following sense: If K = PP Q, K'= P'@ Q and P’ is obtained from P by
splitting at a vertex p, then K’ is obtained from K by the same splitting at p.
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It follows that the class of quotients of cyclic polytopes is the smallest class that
includes the cyclic polytopes and the d-octahedra (d =0,1,2,- -} and is closed
under 2-splitting at a vertex and under combinatorial equivalence.

(g) Splitting is not a purely combinatorial operation. l.e., if K' is obtained
from K by splitting at a vertex, and K" is combinatorially equivalent to K’, then
K" is not necessarily obtained from a lower-dimensional polytope by splitting.

Next we show that the operation of splitting K at a vertex is nicely reflected as
a simple operation of “‘multiplying a vertex” in the Gale-diagram of K. It will
follow (Theorem 6.9) that every simplicial d-polytope with d + 3 vertices is a
quotient of a cyclic polytope.

In the sequel we shall freely use the notation and results of [6, section 5.4]
concerning Gale-diagrams.

THEOREM 6.5. Let K be a polytope with t vertices p,,- -+, p.. Suppose K'=
conv(K UA) is obtained from K by (r + 1)-splitting at p.. Thus

vert K'={p, -, p-1,G5 " *, qu+r}, where {q, "+, qs.} = vertA.
If (Pr, -, p.) is a Gale-diagram of K, then

(}31, Y ﬁt—l, p"b Ty pt)
e e
r+1 times

is a Gale-diagram of K'.

LemMa 6.6. Let P=(p:,- -, p.) be a sequence of (not necessarily distinct)
points in R Let A = aff{p,,---,p}, and let L C R® be an r-flat, such that
ANL={p} Letq,--",q.. be the vertices of an r-simplex A in L that includes p,
in its relative interior. Le., p, = B+ * + BisiGusr, Where B; >0 fort =ist+r
and B+ +B.., =1 If (P,---,p:) is a Gale-transform of the sequence
(P, -, pe), then (Py,** *, Pier, BiPs * * *, BessP:) is @ Gale-transform of the sequence
P'=(n ", Pty Qo s Gesr)-

From this lemma it follows that if (f,,-- -, p.) is a Gale-diagram of P, then

(ﬁl, M ﬁt—l, pAts B p‘t)
e ——
r+1times

is a Gale-diagram of P’. This includes the assertion of Theorem 6.5 as a
particular case.

Proor oF LEMMA 6.6. Suppose dim A = k. By an affine dependence (a.d.) of
P we mean a sequence (ai---,a)ER' such that a;p,+:--+ap =0,
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a;+ -+ a =0.Theset of all a.d.’s of P is a linear subspace of R" of dimension
t—k-1

From the assumptions of the lemma it follows that
dimaff{p,, -, p-1, G0 " * -, e+ } = dimaff (A UA)=k +r,

and the dimension of the linear space of all a.d.’s of P’ is again t—k —1
(=(@+r)—(k+r)—1). It is easily checked that if (a;, -, @) is an a.d. of P,
then (a1, - -, &y, B, -+, Biwsar) is an a.d. of P’. Therefore, if the columns of

the matrix
(2 ST U ¢ S W |
D, = :
[L78] Qe t—k—1

from a basis of the space of a.d.’s of P, then the columns of the matrix

231 R ¢ SWE B
Dz = Q1,1 Q1 —k—1

Brar, 1 Brat, t—k—1

Bl+rat,1 Bl+rar,l—kl

form a basis of the space of a.d.’s of P'. We can choose D, to be the matrix
whose rows are precisely the vectors py, - - -, p. of the given Gale-transform of P.
In that case, the rows of D, will be py, - -, Pi—1, BPs, * * *, Be+iD»» and this sequence
of vectors is the required Gale-transform of P’. O

By repeated application of Theorem 6.5 we obtain the following corollary to
Theorem 6.4

CoRrOLLARY 6.7. Using the notations of Theorem 6.4, assume that
(%1, - -, Xo—2j) is a Gale-diagram of the cyclic polytope K (= C(v — 2j,2(m — j))).
Then

(xl, .o .’xl’ .. .’xv_zj’ . .’xv—Zi)

\ J [« J
g

v
r, times T, times

is a Gale-diagram of K'.

The analogue of Theorem 6.4 for the case j = m is contained in Remark (b)
above. The reformulation of that remark in terms of Gale-diagrams runs as
follows:
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CoroLLARY 6.8. Suppose K'= T, --- @ T. is a geometric direct sum (in the
sense of Definition 5.4) of t simplices T,, and dmT,=r—1=1 for 1si=t
Then K' has a Gale-diagram of the form

(ﬁl, o "ﬁh t "ﬁt’ t "ﬁt),

. S
v =V

r, times r, times
where (P, -, p.) is a Gale-diagram of a constant sequence
(p’ .. c’ p)‘
e —
t times
Note that (p.,- -, p.) is a Gale-diagram of a constant sequence iff p., - - -, p, are
unit vectors in R'™' and 0E€ intconv{p,,- - -, p.}.

We conclude this section with a theorem of F. Hering [9, theorem 2.16 and its
corollary on page 140).

THEOREM 6.9. Every simplicial d-polytope K with d + B vertices, 1 = B =3, is
a quotient of a cyclic polytope C(2m + B,2m). (m depends on K.)

Proor. The cases 8 =1 and B =2 are trivial.
Let K be a d-polytope with d + 3 vertices. By [6, page 109], K is combinatori-
ally equivalent to a polytope K’ with a contracted Gale-diagram G'. G’ consists

of an odd number 2y + 3 points p,, - - -, P, .3 evenly spaced on the unit circle,
g —(os i1 - 27, sin i-1 -277) sa
p=Ac 2u +3 T 2u+3 Y
with positive multiplicities r, - - -, r;,+3 (see, e.g. [6, fig. 6.3.2]). The sequence

G"= (P, *, P2u+3) without multiplicities is the Gale-diagram of a cyclic
polytope C(2u +3,2u) if u >0, or of a triple point (p,p,p) if u =0.

If w >0, then G' is a Gale-diagram of a polytope that is obtained from
C(2u +3,2u) by splitting at vertices (Theorem 6.5), and such a polytope is a
quotient of a cyclic polytope C(2m +3,2m) (see Remark (c) above). An easy
calculation shows that m =d — u.

If =0, then G’ is a Gale-diagram of a direct sum of three simplices
T'@T+'@T5', which is a quotient of C(2d+3,2d), since d =
rn—1+r,—1+r;—1 (see Theorem 5.11).

In both cases we showed that K is a quatient of C(2m + 3,2m) for some m,
id=m=d O
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ReMARK. For d =3 and 8 =4, only a small minority of the simplicial
d-polytopes with d + B vertices are quotients of cyclic polytopes.

As in [6], denote by c.(d + B,d) the number of combinatorial types of
simplicial d-polytopes with d + B vertices, and let q(d + B, d) be the number of
those which are types of quotients of cyclic polytopes. Then it can be shown
quite easily that q(d + B, d) increases much slower than c,(d + 8, d) for fixed d
(d 2 3) and increasing B, as well as for fixed B (B = 4) and increasing d. E.g.,
q(8,4)=16, q(9,4)=5, whereas c,(8,4) =37 (see [7]), and c¢,(9,4) = 1142 (see
[21).
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